Abstract. We characterize the abelian groups G for which Ext(G, −) commutes with direct sums.
Introduction
It is proved in [Br11] that a right module M over a hereditary ring R has the property that the canonical homomorphism
is an isomorphism for all families (M i ) i∈I if and only if M is a direct sum of a finitely presented module and a projective module.
In this note we will prove for abelian groups a stronger version of this result, since it does not require the isomorphism to be natural. If A is an abelian group such that Ext(A, ⊕ i A i ) ∼ = ⊕ i Ext(A, A i ) for all families (A i ) i∈I , then A has the same form as in the previous mentioned result, that is, A is the direct sum of a finite group and a free group. Moreover, it is proved that in this case we can assume that all the groups A i are torsion-free.
Let A be an abelian group and C a class of abelian groups. We say that A is C-extendible if whenever (A i ) is a family of groups which are in C,
If A is C-extendible for C the class of all abelian groups, we say that A is extendible.
Throughout the paper, all groups are abelian, and unless noted otherwise, all notation is that of [F70, F73] . In particular, T (A) is the torsion subgroup of the group A and A the factor group A/T (A).
C-extendible groups
Let us recall a very useful lemma.
Lemma 2.1. [S58, pp. 153, 154] , [G70, Lemma 3 .1] For every cardinal κ there is a cardinal λ ≥ κ such that λ ℵ0 = 2 λ .
Using this we first prove that G is an an extendible elementary p-group if and only if G is finite. This can be deduced from [S11, Theorem 5.3], but we include a proof for the reader's convenience.
Lemma 2.2. Let p be a prime number. If κ is an infinite cardinal then there is λ ≥ κ such that
Proof. Using the basic properties of extension groups found in [F70, Section 52], we observe that for every cardinal λ we have
Therefore the first group has the cardinality λ κ , while the second group has the cardinality λ2
κ . If we choose λ ≥ 2 κ such that λ ℵ0 = 2 λ , we have λ2 κ = λ < 2 λ = λ ℵ0 ≤ λ κ , and the proof is complete.
Since by [F70, Theorem 54 .6] all groups Ext(G, H) are cotorsion, to describe the C-extendible groups (for various classes C) we first need to characterize the cotorsion groups which can be decomposed as an infinite direct sum.
Proposition 2.3. Let G i , i ∈ I, be a family of cotorsion groups. Then ⊕ i∈I G i is cotorsion if and only if there is J ⊆ I such that I \ J is finite and ⊕ i∈J G i is a direct sum of a divisible group and a bounded group.
Proof. We denote the first Ulm subgroup ([F73, Section 76]) of a group G by G 1 . Suppose that ⊕ i∈I G i is cotorsion. Using [F70, Theorem 54 .3] we deduce that the sum ⊕ i∈I G i /G
1 is algebraically compact. But this is possible, by [F70, Corollary 39 .10], only if there is an n > 0 such that n(G i /G 1 i ) = 0 for almost all i. It is not hard to see that for these indices i the groups G i are direct sums of divisible groups and groups bounded by n.
The converse implication is obvious.
We obtain the characterization of Σ-cotorsion groups (i.e. groups such that all self-sums are cotorsion) proved in [BS09, Proposition 1.8]:
Corollary 2.4. A group G is Σ-cotorsion if and only if it is a direct sum of a divisible group and a bounded group.
The main result follows:
Theorem 2.5. The following are equivalent for a group A:
(1) A is extendible; (2) A is C-extendible for the class C of torsion-free groups; (3) A = B ⊕ F , where B is a finite group and F is free.
Proof. We only need to prove (2)⇒(3). Since A is C-extendible, it follows that for every family (K i ) i∈I of torsion-free groups Ext(A,
is a cotorsion group. By Proposition 2.3 we deduce that there is a positive integer n such that for every torsion-free group K, the group n Ext(A, K) is divisible. From the exact sequence 0 → T (A) → A → A → 0 we obtain for all torsion-free groups K an exact sequence
The last term is reduced by [F70, Lemma 55.3] , and by the hypothesis it follows that Ext(T (A), K) is bounded by n. In particular, by [F70, Corollary 52.4 ], Ext(T (A), Z) ∼ = Hom(T (A), Q/Z), so T (A) is bounded. Hence A = B ⊕ F , where B = T (A) is bounded and F is torsion-free.
For every torsion-free group K we have
and in this direct sum the first group is bounded and the last group is divisible. It follows that both groups B and F are C-extendible. Let p be a prime. For every cardinal λ there is an isomorphism
Using a similar proof as in [F70, 52(F) ] we deduce that for every cardinal λ we have an isomorphism
By Lemma 2.2 it follows that B[p] is finite so B is a finite group. To prove that F is free, we show that it is a Baer group. Let T be any torsion group. Then T is an epimorphic image of a torsion-free group K = ⊕ p L p , where L p is a direct sum of copies of p-adic groups J p . Hence Ext(F, T ) is an epimorphic image of Ext(F, K) ∼ = ⊕ p Ext(F, J p ) = 0. Thus Ext(F, T ) = 0 so F is a Baer group, and the conclusion follows from [G69] .
